Study of double parton scattering processes (DPS) involving heavy quarks provides the most precise probing of factorization hypothesis for DPS for gluon-mediated processes. The measurements are performed for the different final states, including open and hidden-flavour hadrons and for the different kinematic ranges of incoming gluons.
Introduction
The double parton scattering processes in the high-energy hadron-hadron interactions attract [1] [2] [3] [4] significant theoretical and experimental interest. While the DPS processes first have been observed thirty years ago by AFS collaboration [5] in the proton-proton collisions at relatively low energy √ s = 63 GeV, and later studied in the pp collisions at √ s = 1.8 and 1.96 TeV by CDF [6, 7] and D0 [8] [9] [10] [11] collaborations, the role of DPS processes becomes much more important [12] [13] [14] at higher energies, in particular, for pp collisions at √ s = 7, 8 and 13 TeV at Large Hadron Collider (LHC).
The cross section of DPS processes can be expressed as
where σ A,B are the individual cross sections for processes A and B, s = 1, 2 is a symmetry factor and σ eff is an effective cross section. In the factorization approach the latter is expressed via the integral over the transverse degrees of freedom of the partons in the protons and is an universal process and scale-independent constant. The value of σ eff is expected to be of the order of the inelastic cross section, but currently it can't be calculated [15] [16] [17] [18] from the basic principles. Significant violations [19, 20] of the factorization are expected for some kinematic regions and processes, e.g. for the processes with high-x partons. In addition to DPS 2 ⊗ 2 process, characterized by the independent scattering of two pairs of partons from the incoming protons, Fig. 1 (left), one also needs to account for the potentially large additional contribution from the 1 ⊗ 2 process, where a parton from one incoming proton splits at some hard scale [21] [22] [23] [24] and creates two partons that further participate in the two independent single-scattering processes, see Fig. 1 (right). This contribution is calculated [25] [26] [27] in pertubative QCD and provides significant dependency of multi-parton interaction cross sections on the transverse scale. However for small-x processes with relatively small transverse momenta, this large dependence is expected to stabilize [28] by accounting of soft correlations, turning σ eff to be a constant.
Testing the universality of σ eff , in terms of its (in)dependency on the process, scale and collision energy, allows to shed light on the role of factorization and contribution of 1 ⊗ 2 processes and provides the unique opportunity to probe the parton-parton correlations in the proton. Good understanding of DPS processes is very important for the search of New Physics (NP) effects at LHC, since for certain final states DPS process mimics [30] [31] [32] the production of heavy exotic particles. Studies of DPS processes with heavy-quarks processes [29] .
or quarkonia in the final state are especially important both for QCD tests, mentioned above and for the deep understanding of potentially important background source for NP searches. For DPS processes producing four heavy quarks in the final state, Q 1Q1 Q 2Q2 , the corresponding elementary subprocesses gg → Q 1Q1 and gg → Q 2Q2 are studied in detail. The production of open-charm hadrons at high-energy hadron collisions has been studied in pp collisions by LHCb collaboration [33] [34] [35] [40] in pp collisions at √ s = 1.96 TeV. The measurements are in reasonable agreement with calculations at the next-to-leading order (NLO) using the generalized mass variable flavour number scheme [41] [42] [43] [44] [45] (GMVFNS), Powheg [46] and fixed order with next-to-leading-log resummation [47] [48] [49] [50] (FONLL), see Fig. 2 .
Experimentally, the processes with heavy-quarks often could be studied in details up to very low transverse momenta, comparable or even smaller than the masses of the involved heavy-quarks, especially for the final states with the dimuon decays of the J/ψ or Υ mesons. It opens the unique possibility to explore the low-p T region, where DPS contribution [12, 13] is not suppressed. Full reconstruction of the final state quarkonia or the open-flavour heavy hadron allow to minimize some large experimental uncertainty, e.g. related to jet reconstuction or jet-energy calibration. Currently practically all (experimental) knowledge of DPS processes in very interesting and important kinematic region x 1 , x 2 x 1 , x 2 comes from the measurements involving heavy-quarks [51] [52] [53] [54] in the forward region, where studies with e.g. light quarks (jets) and/or the direct photons are experimentally challenging.
Studies with open-flavour hadrons
The LHCb experiment studied [52] the same bunch crossing (pile-up) and contamination from b-hadrons decays were reduced to a negligible level by imposing cuts based on the consistency of the decay chain. The model-independent cross sections for double charm production in the fiducial range were calculated using the yields obtained from the fits of two-dimensional distributions. The dominating systematic uncertainties are related to the luminosity determination, to the C-hadrons branching fractions and to the differences between the data and simulated sample used for the reconstruction efficiency determination. The resulting cross sections for CC and J/ψ C events are shown in the left part of Fig. 4 as well as several SPS theoretical estimations [55] [56] [57] of J/ψ C production. The expectations from SPS process are by a factor of about 20 below the measured cross sections. Also the SPS predictions for D 0 D 0 are also approximately 30 times smaller [58, 59] than the measured production rate. The observed ratio of cross sections for CC and corresponding CC processes, proportional to
, is close to 10%. This value is very large compared with e.g. those measured for
in the same kinematic region [51] . The kinematic properties of CC and J/ψ C events were studied. To compare the transverse momentum spectra of J/ψ and open-charm hadrons, the spectra were fit to an exponential function. The resulting slope parameters are shown in Fig. 4(right) . The transverse momentum spectra for J/ψ mesons from J/ψ C events are significantly harder than those observed in 
LHCb LHCb prompt J/ψ meson production [60] while the spectra for open-charm mesons in J/ψ C case appear to be very similar to those observed [34] for the prompt charm hadrons. Similar transverse momenta for CC and CC events are observed. However these spectra are much harder than those measured [34] for prompt charm events. It indicates large correlations between transverse momenta of two charm hadrons, possibly due to a large role of the gluon splitting process. The rapidity and azimuthal angle distributions, presented in Fig. 5 , do not exhibit visible correlations between the two charm hadrons in CC and J/ψ C events and are well consistent with uncorrelated production, supporting the dominant role of DPS contribution for CC and J/ψ C production.
Another study exhibiting a good separation power between the SPS and DPS mechanisms performed by the LHCb experiment is the study [53] of the associated production of Υ and an open-charm meson. For such process non-relativistic QCD (NR QCD) color-singlet (CS) [61] and k T -factorization [56, [62] [63] [64] [65] [66] [67] [68] [69] 
to be around (0.1 − 0.6)% in LHCb acceptance, while the DPS predicts this ratio to be of the order of 10%. The measurement was performed with the combined sample of data collected in pp collisions at the centre-of-mass energies of 7 and 8 TeV. Figure C, were studied in the fiducial volume of 2 < y Υ , y C < 4.5, p Υ T < 15 GeV/c and 1 < p C T < 20 GeV/c. In five of them signal significance exceeds five standard deviations:
Two of them with the highest signal yields, Υ(1S)D 0 and Υ(1S)D + were used for the production cross section measurements and DPS studies. The ratios R Υcc were measured to be (7.7 ± 1.0) % and (8.0 ± 0.9) % for data sets collected at 7 and 8 TeV, respectively: these significantly exceed SPS calculations, and agrees with DPS expectations.
All differential cross sections for Υ(1S)D events nicely agree with expectations from DPS process. Figure 6 (left) shows the distribution of the azimuthal angle difference ∆φ for Υ(1S)D 0 events together with both SPS and DPS expectations. The transverse momentum and rapidity distributions of Υ(1S) mesons also agree well with SPS predictions, obtained using k T -factorization approach, while the shape of the transverse momentum spectra of Υ(1S) mesons, see Fig. 6 (right), disfavours the SPS predictions obtained using the collinear approximation. 
Figure 6:
Distributions for |∆φ| /π (left) and p
Υ(1S) T
(right) for Υ(1S)D 0 events (solid red circles). Straight blue line in the |∆φ| /π plots shows the result of the fit with a constant function. The SPS predictions for the shapes of ∆φ distribution are shown with dashed (orange) and long-dashed (magenta) curves for calculations based on the k T -factorization and the collinear approximation, respectively. The transverse momentum spectra, derived within the DPS mechanism using the measured production cross sections [34, 70] for Υ and open-charm mesons, are shown with the open (blue) squares. All distributions are normalized to unity.
Double quarkonia studies
Unlike the DPS measurements with open-flavour hadrons, that are unique for the LHCb experiment, several experiments contributed to the study of the double quarkonia production. The dimuon decay of quarkonia combines relatively high branching fraction and experimentally favourable signature together with efficient triggering and low background.
First observed by the NA3 experiment in pion-nucleon [71] and proton-nucleon [72] interactions, the J/ψ pair production was later studied both in pp collisions at the Tevatron by D0 collaboration and in pp collisions at different energies at the LHC [51, 54, 73, 74] by ATLAS, CMS and LHCb collaborations.
The first measurement in the pp collisions [51] was made by the LHCb experiment. The oppositely charged tracks identified as muons were combined to obtain pairs of J/ψ candidates (J/ψ 1 and J/ψ 2 ). To determine the signal event yield the invariant mass of the second muon pair was plotted in bins 
(right) Differential production cross section for J/ψ pairs as a function of mass of the J/ψ J/ψ system. The points correspond to the data. Only statistical uncertainties are included in the error bars. The shaded area corresponds to LO CS predictions [75] .
of the first pair invariant mass, see Fig. 7 (left). Fit to this distribution was performed with a function including a signal component for J/ψ and a component for the combinatorial background. Other sources of background were found to be negligible. In total 141 ± 19 J/ψ pairs were found with the signal significance exceeding 6 standard deviations. The total cross section in the region 2 < y J/ψ < 4.5, p J/ψ T < 10 GeV/c was found to be
This value is not precise enough to distinguish [76, 77] between the SPS and DPS contributions. The SPS contributions are calculated to be 4.0 ± 1.2 nb and 4.6 ± 1.1 nb in the leading-order [75, 78, 79] NR QCD CS approach, and 5.4
+2.7 −1.1 nb using complete [79] NLO CS approach. The DPS contribution is expected to be 3.8 ± 1.3 nb. The differential production cross section as a function of the mass of the J/ψ J/ψ system together with expectations from leading-order (LO) CS calculations is presented in Fig. 7(right) . The statistics didn't allow to study the kinematic properties of these events and make firm conclusions.
Another measurement at √ s = 7 TeV was performed [74] by the CMS collaboration, which included the kinematic regions where the color-octet (CO) models could play a more significant role in the double heavy quarkonium production. After excluding possible sources of background, they observed 446 ± 23 J/ψ pairs produced promptly in the same pp collision. The cross section in the fiducial region was measured to be σ J/ψ J/ψ = 1.49 ± 0.07(stat.) ± 0.13(syst.) nb.
The differential cross sections as a function of the rapidity difference between the two J/ψ mesons, |∆y|, and M J/ψ J/ψ , the mass of J/ψ J/ψ system, are shown in Fig. 8 . These distributions are very sensitive to the DPS effects [76, 77, 80, 81] and non-vanishing cross sections for large |∆y| and M J/ψ J/ψ bins could be considered as a sign of DPS mechanism. These distributions have been analyzed [81] against incomplete NLO * CS predictions. From this analysis Lansberg&Shao [81] concluded the importance of α 5 s contributions at medium and large transverse momenta and dominance of DPS mechanism at large |∆y| and large M J/ψ J/ψ . No significant CO contribution was found. The extracted value of σ eff parameter has been found [81] to be σ eff = 11.0 ± 2.9 mb.
A measurement with higher centre-of-mass energy of 8 TeV has been performed by the ATLAS collaboration. In total they observed 1160 ± 70 promptly produced J/ψ pairs. The total cross section in the fiducial region The DPS and total differential cross sections as a function of (left) the azimuthal angle between the two J/ψ mesons, and (right) the difference in rapidity between the two J/ψ mesons. Shown are the data as well as the DPS and NLO * SPS predictions. The DPS predictions [82] are normalized to the value of f DPS found in the data and the NLO * SPS predictions are multiplied by a constant feed-down correction factor. The data-driven DPS-weighted distribution and the total data distribution are compared to the DPS theory prediction and the total SPS+DPS prediction.
was measured to be σ J/ψ J/ψ = 160 ± 12 ± 14 ± 2 ± 3 pb, where the first uncertainty is statistical, the second one is systematic mainly due to the trigger efficiency determination. The third and fourth uncertainties are coming correspondingly from the known J/ψ → µµ branching fraction uncertainty and the luminosity determination uncertainty. A data-driven model-independent technique was used to separate the DPS and the SPS contributions. The overall differential cross section and the differential cross section for DPS contribution are shown in Fig. 9 . The measured DPS-sensitive distributions were compared and found in a good agreement with the DPS predictions, [82] while the SPS distributions have shown some discrepancy with the NLO * predictions [81, 83] which however could be explained by feed-down from higher charmonium states. The DPS fraction was found to be f DPS = (9.2 ± 2.1(stat.) ± 0.5(syst.))%, resulting in σ eff = 6.3 ± 1.6 ± 1.0 ± 0.1 ± 0.1 mb, where the first uncertainty is statistical, the second one is systematic, the third one comes from the J/ψ → µµ branching fraction and the fourth is an uncertainty on the luminosity determination. One more study of the double J/ψ production was performed by the LHCb collaboration [54] at the centre-of-mass energy of 13 TeV. They observed (1.05 ± 0.05) × 10 3 signal J/ψ pairs. The total cross section in the fiducial region was measured to be
A large statistics of J/ψ pairs allows to study differential cross sections and compare them with different theory models. Figure 10 shows the normalized differential cross sections as a function of the transverse momentum of J/ψ J/ψ system and the rapidity difference between two J/ψ mesons. The obtained cross section value is interpreted as a sum of the SPS and DPS contributions, which were separated by a study of differential cross sections. Fit to the data was performed with a function, corresponding to the sum of an SPS and DPS model predictions. The fraction f DPS was treated as free parameters of the fit. Examples of DPS fit to m(J/ψ J/ψ ) and |∆y| distributions using full NLO CS calculations for SPS model are shown in Fig. 11 . For all fits the fractions of the DPS contribution were found to be higher than 50%, and for many cases compatible with 100%. The obtained values of σ DPS and the known [88] J/ψ production cross section were used to calculate σ eff . The obtained σ eff values are shown in Table 1 depending on the choice of the SPS model used. They turned out to be slightly higher than values measured from the central J/ψ pair production. In spite of the large difference between different SPS models, the values of σ eff exhibit only modest model dependency. [54] for different SPS models. The uncertainty is statistical only. The common systematic uncertainty of 12%, accounting for the systematic uncertainty of σ (J/ψ J/ψ ) and the total uncertainty for σ(J/ψ ), is not shown.
10.6 ± 1.1 10.2 ± 1.0 10.4 ± 1.0 |∆y| 12.5 ± 4.1 12.2 ± 3.7 12.4 ± 3.9 11.2 ± 2.9
The D0 collaboration has for the first time observed the pair J/ψ production in pp collisions at √ s = 1.96 TeV at Tevatron, see Fig. 12(left) . (right) The distribution of the rapidity difference between two J/ψ candidates in data after background subtraction. The distributions for the SPS and DPS templates are shown normalized to their respective fitted fractions. The uncertainty band corresponds to the total systematic uncertainty on the sum of SP and DP events.
After the selection 242 pairs of J/ψ mesons were found, about 40% of which were determined to be prompt signal J/ψ pairs. The cross section in the fiducial region was measured to be σ J/ψ J/ψ = 129 ± 11(stat.) ± 37(syst.) fb.
In order to study the SPS and DPS contributions separately, they were distinguished by fitting the |∆y| distribution by a sum of SPS and DPS templates with the corresponding fractions used as the free parameters, see Fig. 12 (right). The DPS fraction f DPS was found to be (42 ± 12)%, leading to the following values of the cross sections: 59 ± 6(stat.) ± 22(syst.) fb and 70 ± 6(stat.) ± 22(syst.) fb for SPS and DPS processes, respectively. The corresponding σ eff was measured to be 4.8 ± 0.5(stat.) ± 2.5(syst.) mb. The measurements of associated productions involving bottomonia resonances were performed by D0 and CMS collaborations. The D0 collaboration observed the associated J/ψ and Υ production [11] using 8 fb −1 of data collected at √ s = 1.96 TeV in pp collisions. This combination is expected to be produced predominantly through DPS mechanism with SPS contribution suppressed [76, 87] by an additional powers of α s . It results in the hierarchy of expected SPS production cross sections σ
that is op- Dimuon invariant mass distribution in data for two muon pairs in the fiducial region of p µ T > 2 GeV/c and |η µ | < 2 is shown in Fig. 13 (left) together with the two-dimensional fit surface. In total 12 ± 3.8(stat.) ± 2.8(syst.) promptly produced J/ψ Υ pairs are observed, corresponding to the significance of 3.2σ.
The distribution of azimuthal angle between J/ψ and Υ mesons is presented in Fig.13(right) . This distribution showed a good agreement with the dominance of DPS mechanism. It allows to translate the measured production cross section for J/ψ Υ pairs σ J/ψ Υ = 27 ± 9(stat.) ± 7(syst.) fb into the effective cross section σ eff = 2.2 ± 0.7(stat.) ± 0.9(syst.) mb. The obtained value of σ eff is below the previous measurements involving heavy quarkonium.
The CMS collaboration made a first observation [90] of double bottomonium production using 20.7 fb −1 of data collected in pp collisions at centre-of-mass energy of 8 TeV. The dimuon invariant mass distribution in data for two muon pairs in the fiducial region of y Υ < 2 is presented in Fig. 14(left) . A signal yield of 38 ± 7 pairs of Υ(1S) mesons is determined from two-dimensional fit. The projections of two-dimensional fit are shown in Fig. 14(right) . The significance of the signal exceeds 5σ.
The production cross section of Υ(1S) pairs was measured to be σ ΥΥ = 68.8 ± 12.7 ± 7.4 ± 2.8 pb,
where the first uncertainty is statistical, the second one is systematic and the third one comes from the known value of Υ → µ + µ − branching fraction. The DPS contribution in this channel is expected to be small [91] relative to the SPS one. Using a conservative estimate of f DPS = 10%, the effective cross section was estimated to be 6.6 mb. On the other hand the SPS prediction [92] with feed-down from higher states gives a value of σ ΥΥ SPS = 48 pb which combined with the σ ΥΥ measured in data leads to f DPS = 30% and, correspondingly σ eff = 2.2 mb. Both estimates are in line with values obtained from other heavy quarkonium measurements. Higher statistics would allow to make a more precise conclusions.
Other DPS measurements involving heavy quarks
Besides the studies described above, there are other processes involving heavy quarks which can tell a lot about charm parton distribution inside the proton, charm production mechanism and the DPS. Good examples of such studies are measurements of an associated production of charm and a W or a Z boson. It should be noted that for these final states one probes the PDFs in the region of relatively high-x partons, where significant violation [19, 20] of factorization hypothesis is expected. The CMS and ATLAS collaborations studied [93, 94] + meson were observed with a combined significance of 5.1σ. The fiducial cross sections of these processes were measured, but the lack of statistics didn't allow to disentangle the DPS and SPS contributions.
With higher statistics these studies promise to give more interesting and useful information for understanding the heavy quark production mechanisms and in particular the DPS studies.
Summary
Nowadays a study of DPS using heavy quarks provides the most precise determination of the parameter σ eff . Figure 15 summarizes all available measurements of σ eff with heavy quarks.
There are no clear patterns in the measured values of σ eff , however the values of σ eff parameter measured with the double quarkonia final state are a bit lower than the reference value [7] of σ eff = 14.5 ± 1.7 +1.7 −2.3 mb measured in multi-jet events at the Tevatron. This could be a sign that the spatial region occupied by gluons within the proton is smaller than that occupied by quarks. On the other hand, the measurements [52] with two open-flavour hadrons give values of σ eff larger than the reference value. These values are in very good agreement [27] with calculations. The measurements with quarkonia and open-flavour hadrons are well consistent with the reference value of σ eff and all other measurements [2, 96] of σ eff using multi-jet, di-jet+W and γ+3-jets processes. It should be noted that for many measurements the uncertainties are large, and formally only one measurement [11] is not consistent with the reference value of σ eff . Better precision is needed to conclude on universality of σ eff . For large part of measurements, especially for production cross section of ΥΥ and J/ψ Υ pairs, the precision is limited by the statistics. Currently none of the LHC experiments used the full Run-I data sample for DPS studies. Extending these analyzes to full Run-I and subsequent larger Run-II data sets will allow significant improvement of the precision of σ eff measurements and it will allow a definite conclusion on the universality of σ eff . Also the analysis of larger data sets will allow to study the DPS processes with open-beauty hadrons in the final state. A huge statistics of events with pairs of open-charm hadrons at LHCb could allow the precise measurement of σ eff separately in the different kinematic regions, providing the ultimate test for the universality of σ eff . It is worth to mention that for the precise measurements of DPS processes in pp collisions at √ s = 13 TeV one will need to account for the contribution from the triple parton scattering process [97] . 
